
Materials Science and Engineering A309–310 (2001) 60–63

The density and the character of dislocations in cubic and hexagonal
polycrystals determined by X-ray diffraction
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Abstract

The density and the character of dislocations in cubic and hexagonal polycrystals were determined by a new procedure of X-ray
diffraction profile analysis. The anisotropic strain broadening of diffraction profiles was accounted for by dislocation contrast factors. The
screw or edge character of dislocations in a severely deformed copper specimen was determined by analysing the dislocation contrast
factors. Comparing the contrast effect of the possible dislocation slip systems in hexagonal crystals with that determined experimentally
for a sintered tungsten carbide sample, it was found that the dominant slip system in this specimen is 〈112̄0〉{0001}. The dislocation density
was calculated for both samples by the modfied Warren–Averbach procedure. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

X-ray diffraction profiles broaden due to smallness
of crystallites and the strain of lattice defects, espe-
cially dislocations [1,2]. Strain broadening is usually
anisotropic. This means that in the Williamson–Hall and
the Warren–Averbach evaluation procedures neither the full
width at half maximum (FWHM) nor the integral breadth
nor the Fourier coefficients of the diffraction profiles are
monotonous functions of the square of the diffraction vector
[3,4]. It has been shown that strain anisotropy can be well
accounted for by the dislocation model of the mean square
strain. This model is based on the fact that the contrast of
dislocations depends on the relative directions of the line
and Burgers vectors of the dislocations and the diffraction
vector, respectively [5]. The contrast effect of dislocations
on the line broadening can be taken into account by the
dislocation contrast factors. The dislocation contrast factors
have been evaluated for different possible slip systems of
dislocations in cubic and hexagonal crystals [6,7,8]. In a
particular crystal the calculation of the average contrast
factors is difficult because the dislocation population of the
possible slip systems is unknown. It has been shown recently
that in the case of untextured polycrystals or if the different
slip systems are populated randomly by dislocations, the
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average contrast factors can be parametrised by simple ana-
lytical functions and the contrast factors can be determined
for cubic and hexagonal crystal systems without the knowl-
edge of the existing dislocation populations [8]. This means
that, under these circumstances, the individual contrast fac-
tors can be averaged either over the hkl indices or over
the different slip systems [8]. The aim of this paper is to
show that the dislocation arrangement in cubic or hexagonal
polycrystalline specimens can be determined by comparing
the average contrast factors obtained from X-ray line profile
analysis with those calculated for the different slip systems.
Using the average contrast factors, the dislocation density
is determined by the modified Warren–Averbach method.
The effectiveness of this procedure is shown by illustra-
tive examples for cubic and hexagonal systems, namely,
severely deformed copper having submicron grain size and
nanocrystalline sintered tungsten carbide, respectively.

2. Experimentals

2.1. Specimens

A polycrystalline rod of 80 mm length and 20 mm diame-
ter was prepared by extrusion from 99.98% copper of about
a few micrometer initial grain size. The extruded rod was
further deformed by ECA (equal-channel angular pressing)
producing submicron average grain size [9,10]. In order to
avoid machining effects an approximately 100 �m surface
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layer was removed from the specimen surface by chemical
etching before the X-ray experiments. The tungsten carbide
specimen was produced by the following processing steps.
Tungsten carbide powder with submicron grain size was
mixed with wax and acetone and subjected to high energy
ball-milling producing nanocrystalline powder. The milled
powder was compacted under a pressure of 190 MPa to a
density of about 50%. Sintering was carried out on the com-
pacted sample at 1420◦C and 7 MPa. The sintered specimen
had a density of 92%.

2.2. X-ray diffraction technique

The diffraction profiles were measured by a special double
crystal diffractometer with negligible instrumental broaden-
ing [5,11]. A fine focus rotating cobalt anode, Nonius FR
591, was operated as a line focus at 36 kV and 50 mA. The
symmetrical 220 reflection of a Ge monochromator was used
in order to have wavelength compensation at the position of
the detector. The K�2 component of the Co radiation was
eliminated by an 0.16 mm slit between the source and the
Ge crystal. By curving the Ge crystal sagittally in the plane
perpendicular to the plane-of-incidence the brilliance of the
diffractometer was increased by a factor of 3. The profiles
were registered by a linear position sensitive gas flow detec-
tor, OED 50 Braun, Munich. For avoiding air scattering and
absorption this distance was overbridged by an evacuated
tube closed by mylar windows.

3. Evaluation of X-ray diffraction profiles

3.1. Determination of the dislocation contrast factors
by the modified Williamson–Hall plot

Assuming that strain broadening is caused by dislocations
the full widths at half maximum (FWHM) of diffraction
profiles can be given by the modified Williamson–Hall plot
as [12]

�K = γ

D
+ α(KC̄1/2)2 + O(K4C̄2), (1)

where D is a size parameter characterising the column
lengths in the specimen, γ equals to 0.9, α is a constant
depending on the effective outer cut-off radius, the Burgers
vector and the density of dislocations. K = 2sin θ/λ, where
θ is the diffraction angle and λ is the wavelength of X-rays.
�K = cos θ [�(2θ)]/λ, where �(2θ ) is the FWHM of the
diffraction peak. C is the average contrast factor of disloca-
tions depending on the relative positions of the diffraction
vector and the Burgers and the line vectors of the disloca-
tions and the elastic constants of the crystal [5–8]. O stands
for higher order terms in K2C.

The average C factors were determined using the modi-
fied Williamson–Hall plot without the knowledge of the ar-
rangement of the existing dislocations. Based on the theory

of line broadening caused by dislocations it has been shown
that the average dislocation contrast factors in an untex-
tured cubic and hexagonal polycrystalline specimens are the
following functions of the invariants of the fourth-order
polynomials of Miller indices hkl [13]

C = Ch00(1 − qH2) (2)

and

C = Chk0

[
1 + [A(h2 + k2 + (h + k)2 + Bl2]l2

[h2 + k2 + (h + k)2 + 3/2(a/c)2l2]2

]
,

(3)

respectively, where Ch00 and Chk0 are the average disloca-
tion contrast factors for the h00 and hk0 reflections, respec-
tively, H 2 = h2k2 +h2l2 + k2l2/(h2 + k2 + l2)2, q, A and B
are parameters depending on the elastic constants and on the
character of dislocations in the crystal and c/a is the ratio of
the two lattice constants of the hexagonal crystal. Inserting
Eqs. (2) and (3) into Eq. (1) the latter one was solved for D,
α and q for the cubic copper crystal and D, α, A and B for the
hexagonal tungsten carbide sample by the method of least
squares. Comparing the parameters q for copper or A and
B for tungsten carbide obtained experimentally with those
calculated for the possible slip systems in cubic or hexago-
nal crystals, respectively, the types of dislocations existing

in these samples were determined. As C
1/2
h00 and C

1/2
hk0 are

multipliers of K in Eq. (1) for the cubic and hexagonal mate-
rials, respectively, their values can not be determined by this
method. After the identification of the type of dislocations,
Ch00 for copper and Chk0 for tungsten carbide were calcu-
lated numerically using the elastic constants of the crystals.
The modified Williamson–Hall procedure can be also ap-
plied for the integral breadths of the profiles. In this case γ

is taken as 1 and the obtained size parameter is denoted by
d, which is the volume-weighted average column length in
the sample. The average dislocation contrast factors C deter-
mined from the modified Williamson–Hall plot of FWHM
were also used in the modified Williamson–Hall plot of the
integral breadths.

3.2. Determination of the dislocation density by the
modified Warren–Averbach method

The modified Warren–Averbach equation is [5]

ln A(L) ∼= ln AS(L) − ρBL2 ln
Re

L
(K2C) + O(K4C

2
), (4)

where A(L) is the absolute value of the Fourier coefficients
of the diffraction profiles, AS is the size Fourier coefficient
as defined by Warren [14], ρ is the dislocation density, B =
�b2/2 (b is the length of the Burgers vector), Re is the
effective outer cut-off radius of dislocations and O stands for
higher order terms in K2C. L is the Fourier length defined
as [14]

L = na3, (5)
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where a3 = λ/2(sin θ2 − sin θ1), n are integers starting from
zero, λ is the wavelength of X-rays and (θ2 − θ1) is the
angular range of the measured diffraction profile. The av-
erage dislocation contrast factors C determined from the
modified Williamson–Hall plot of FWHM were also used
in Eq. (4). The dislocation density was determined from the
modified Warren–Averbach plot as follows [4]. The second
coefficients in the quadratic regression to the Fourier coef-
ficients provide the values of ρBL2 ln(Re/L) as a function
of L (see Eq. (4)). Plotting ρB ln(Re/L) versus ln L enables
the graphic determination of ρ and Re. The size parameter
corresponding to the Fourier coefficients is denoted by L0.
It is obtained from the plot of the size Fourier coefficients,
AS, versus L by taking the intercept of the initial slope at
AS = 0 [14] and it gives the area-weighted average column
length in the sample [15].

4. Results and discussion

The classical Williamson–Hall plot of the FWHM for
the copper specimen is shown in Fig. 1. A strong strain
anisotropy caused by dislocations can be well observed. The
value of q in Eq. (2) of the contrast factors was determined
by the modified Williamson–Hall method described in Sec-
tion 3.1and it was found that q = 2.00 ± 0.02. In a pre-
vious work the values of q have been calculated for the
most common dislocation slip system in copper with the
Burgers vector b = a/2〈110〉 [8]. It was found that the val-
ues of q for pure screw or pure edge dislocations in this
slip system of copper are 2.37 or 1.68, respectively. The ex-
perimental value obtained for our copper specimen is the
arithmetic average of the above two numerically calculated
q values. The interpretation of this result is that the charac-
ter of the prevailing dislocations is half edge–half screw as
it is expected from TEM investigations carried out by Valiev
and co-workers [10]. According to the experimentally de-
termined value of q the value of Ch00 was calculated under
the supposition that the edge and the screw dislocations are
present in equal proportion in the crystal, Ch00 = 0.3040
[8]. The modified Williamson–Hall plot of the FWHM with

Fig. 1. The classical Williamson–Hall plot of the FWHM for copper
specimen.

Fig. 2. The modified Williamson–Hall plot of the FWHM for copper
specimen.

the contrast factors determined from Eq. (2) for the copper
specimen is shown in Fig. 2. It can be seen that the values
of the FWHM follow a smooth curve.

The values of A and B in Eq. (3) of the contrast factors
for tungsten carbide sample were determined by the mod-
ified Williamson–Hall method, A = −0.745 ± 0.003 and
B = −0.619 ± 0.003 were obtained. The values of A and B
for the possible slip systems in tungsten carbide were cal-
culated according to the formulas of Klimanek and Kuzel
[6]. The numerical calculations were carried out by assum-
ing elastic isotropy since, to the knowledge of the authors,
the anisotropic elastic contants of tungsten carbide are not
available. The isotropic A and B were evaluated with E =
707 GPa and ν = 0.18 [16] and are listed in Table 1. The val-
ues of A and B of the screw dislocations in the prismatic slip
system (b = 〈0001〉) are absent in Table 1 because for this
slip system Chk0 = 0 which is impossible for our FWHM
data. It can be found that the experimentally determined val-
ues of A and B are close to those calculated for the basal slip
system populated by edge dislocations. Consequently, it can
be established that the dominant dislocation slip system in
the investigated tungsten carbide specimen is 〈112̄0〉{0001}.

Table 1
The values of A and B in Eq. (3) of the dislocation contrast factors
calculated for the different possible slip systems in tungsten carbide sample
and those determined experimentally by diffraction profile analysisa

Slip system A B

Basal screw 〈112̄0〉 −2.453 3.155
Basal edge 〈112̄0〉{0001} −0.966 −0.669
Prismatic edge 1 〈112̄0〉{11̄00} −2.453 −3.094
Prismatic edge 2 〈0001〉{101̄0} 26.32 7.310
Prismatic edge 3 〈112̄3〉{101̄0} 1.576 5.737
Pyramidal screw 〈112̄3〉 1.458 −3.163
Pyramidal edge 1 〈112̄0〉{01̄11} −2.237 −1.739
Pyramidal edge 2 〈112̄3〉{01̄11} 3.561 4.808
Pyramidal edge 3 〈112̄3〉{21̄1̄2} 5.215 6.621
Pyramidal edge 4 〈112̄3〉{112̄1} 2.461 5.419
Experimental values −0.745 −0.619

a The values of A and B of the screw dislocations in the prismatic slip
system (b = 〈0001〉) are absent because for this slip system Chk0 = 0
which is impossible for our FWHM data.
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Fig. 3. The modified Williamson–Hall plot of the FWHM for tungsten
carbide sample.

Fig. 4. The modified Warren–Averbach plot for tungsten carbide sample.

The value of Chk0 for this slip system equals to 0.1584 which
is used in the calculation of the contrast factors according to
Eq. (3). The modified Williamson–Hall plot of the FWHM
for tungsten carbide sample is shown in Fig. 3. At this point
an important note is due. The datapoints in Figs. 2 and 3.
are lying along a smooth line, however, do not force either

a linear or a quadratic fit against KC
1/2

. Since, however,

theoretical considerations require the quadratic KC
1/2

de-
pendence [12], as shown in Eq. (1), we have evaluated the
data using this fit.

The average dislocation densities were determined by the
modified Warren–Averbach method described in Section
3.2. The modified Warren–Averbach plot for tungsten car-
bide sample is shown in Fig. 4. The dislocation densities, ρ,
were found to be 1.7±0.1×1015 and 1.5±0.1×1016 m−2

for copper and tungsten carbide, respectively. The average
distance between the dislocations equals to ρ−0.5 = 24 ± 2
and 8.2 ± 0.8 nm for copper and tungsten carbide, respec-
tively. The average crystallite size calculated from the three
size parameters, D, d and L0, determined from the X-ray
diffraction profiles [12], are 58±4 and 25±3 nm for copper
and tungsten carbide specimens, respectively. Note that the
apparent size values obtained from Figs. 2 and 3, D = 135

and 71 nm for copper and tungsten carbide, respectively,
are larger than the arithmetic averages listed here due to
the size distribution of crystallites [17]. It can be concluded
for both specimens that the crystallites contain two or three
dislocations in average.

5. Conclusions

The density and the character of dislocations in cubic
copper and hexagonal tungsten carbide polycrystals were
determined by a new procedure of X-ray diffraction profile
analysis. Analysing the contrast factors of dislocations it
was found that the slip systems in the severely deformed
copper specimen are equally populated by edge and screw
dislocations. Comparing the contrast effect of the possible
dislocation slip systems in hexagonal crystals with that
determined experimentally for sintered tungsten carbide
sample, it was established that the dominant slip system in
this specimen is 〈112̄0〉{0001}. The dislocation density was
found to be 1.7 ± 0.1 × 1015 and 1.5 ± 0.1 × 1016 m−2 for
copper and tungsten carbide, respectively.
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